DYNAMICS OF COMPOSITE ENTIRE FUNCTIONS 
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Abstract. It is known that the dynamics of / and g vary to a large extent from that 
of its composite entire functions. We have shown using Approximation theory of entire 
functions, the existence of entire functions / and g having infinite number of domains 
satisfying various properties and relating it to their composition. We have explored and 
enlarged all the maximum possible ways of the solution in comparison to the past result 
worked out. 

I. Introduction 

Let / be a transcendental entire function. For n G N let f n denote the nth iterate of 
/. The set F(f) = {z G C : {f n } n m is normal in some neighborhood of z} is called the 
Fatou set of / or the set of normality of / and its complement </(/) is the Julia set of /. 
The Fatou set is open and completely invariant: z G F(f) if and only if f(z) G F(f) and 
consequently </(/) is completely invariant. The Julia set of a transcendental entire function 
is non empty, closed perfect set and unbounded. All these results and more can be found in 
Bergweiler [10] . If U is a component of Fatou set F(f), then f(U) lies in some component 
V of F(f). In fact V \ f(U) is a set which contains atmost one point [12J. This result was 
also proved in [21] independently. A component U of the Fatou set is called a wandering 
domain if UkHUi = for k ^ I, where Iff. denotes the component of F(f) containing f k (U), 
otherwise U is called a preperiodic component of F(f) f (U{) = Ui, for some k,l > 0. If 
f k (U) = U, for some fceN, then U is called a periodic component of F(f). Sullivan [28] 
proved that the Fatou set of any rational function has no wandering domain. It was Baker 
[2] who gave the first example of an entire function having wandering domain. Thereafter 
several other examples of wandering domains have been given by various authors (see [26J). 
Certain classes of transcendental functions which do not have wandering domains are also 

known PElEllIIllISlinitlSlEniEZlEB]. 

Fatou in 1918 proved that if / and g are two rational functions that commute fog = go /, 
then F(f) = F(g) [9]. This was the most famous result that motivated the dynamics of 
composition of complex functions. Similar results for transcendental entire functions is still 
not known, though it holds in some very special cases [3]. If / and g are transcendental 
entire functions, then so is fog and gof and the dynamics of one composite entire function 
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helps in the study of the dynamics of the other and vice-versa. The following theorem is 
a well known result [HJ [ESJ [25] . 

Theorem A If / and g are two non-linear entire functions, then fog has wandering 
domain if and only if g o / has wandering domain. 

It is also known that the dynamics of fog and go f are very similar. Singh [26] constructed 
several examples where the dynamics of / and g vary largely from the dynamics of the 
composite entire functions. In fact he proved: 

Theorem B Let / and g be transcendental entire functions, then 

(1) There exists a domain which lies in the wandering component of / and wandering 
component of g and lies in the periodic component of g o f. 

(2) There exists a domain which lies in the wandering component of / and wandering 
component of g and also lies in the wandering component of fog and the wandering 
component of g o /. 

(3) There exists a domain which lies in the periodic component of / and periodic 
component of g, but lies in the wandering component of / o g and the wandering 
component of g o /. 

(4) There exists a domain which lies in the periodic component of / and periodic 
component of g and also in the periodic component olgof but lies in the wandering 
component of fog. 

In the construction of the proof in [26], the author has exhibited entire functions / and 
g with one domain G\ satisfying the conditions of Theorem B. In this connection, one 
would also be interested in knowing whether it is possible to have entire functions / and 
g having more than one domain satisfying the conditions of Theorem B. This is possible. 
We have shown the existence of entire functions having infinitely many domains satisfying 
the conditions of Theorem B. Moreover we have constructed several other examples where 
the dynamical behavior of / and g vary greatly from the dynamical behavior of / o g and 
g o f. We have explored and enlarged all the maximum possible ways of the solution in 
comparison to the past result worked out. In our investigation / and g are always to be 
assumed transcendental entire functions. 

2. Theorems and their proofs 

We will require the following results from Approximation theory of entire functions to 
prove the theorems (see |19j): 
Let S be a closed subset of C and 

C(S) = {h : S — > C | h is continuous on S and analytic in the interior S° of S}. 

Then S is called a Carleman set (for C) if for any / G C(S) and any positive continuous 
function e on S, there exists an entire function g such that \f(z) — g(z)\ < e(z) for all 
z E S. 

Theorem C ([IS])- Let S be a closed proper subset of C. Then S is a Carleman set in C 
if and only if S satisfies: 
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(i) C \ S is connected; 

(ii) C \ S is locally connected at oo; 

(iii) for every compact subset K of C there exists a neighborhood V of oo in C such 
that no component of S° intersects both K and V. 

Theorem 2.1. There exists infinite number of domains which lies in the wandering com- 
ponent of f and wandering component of g and lies in the periodic component of go f . 

Proof. We follow the construction of Carleman set as in [26J. Let 

S = G U {{JZi(G k U B k UL k U M fc )} 
where Go = {z : \z — 2| < 1} 

G k = {z : \z - (4k + 2)| < 1} U {z : Re z = 4k + 2 and Imz > 1} U {z : Rez = 
4k + 2 and Imz< -1}, fc = l,2,... 
M fc = {z : i?ez = -4/Vf, fc = 1,2,... 
L fe = : .Re 2; = 4k}, k = 1,2,... 

S fc = {z : 1 2; + (4k + 2)\ < 1} U {z : Rez = -(4k + 2) and Imz > 1} U {z : Re z = 

-(4k + 2) and Imz < -1}, fc = 1,2, ... 

Then using Theorem C, we get S is a Carleman set. 

It is known that the set of all natural numbers N can be expressed in an infinite array of 
numbers as 

{^> + l + M + *±i>: P = 0,l,... 9 =l,2,...} 

Infact a natural number lying in row p and column q (p = 0, 1, . . . , q = 1, 2, . . .) would be 
9( -' ? ~ 1 - > + 1 + p ^ 1 - > , Next if n G N, let r be the least positive integer such that r ^ ^ > rt 
and s = ^3 — n. Then n lies in row n r = r — s — 1 and column n c = s + 1. Thus without 
any loss of generality we may denote the set G n by its place position G nryric say, or more 
simply by Gij for suitable i,j and Gij may be denoted by G n for suitable n, and similarly 
for other terms. We can write G k = G p>q for suitable p, q. Using the continuity of e z , for 
each k — 1, 2, . . . choose 77^ and £ Pi9 so that 

| e - + (4(2^11 + l+p(q + 1) + ^±±1) + 2)| < §, whenever |«, - (ttz + log(4(^±^ + 1 + 
p( q+ l) + ^±H) + 2))\< % ^ and 

\ e v> _ (4(^11 + 1 + p (g + 1) + E^il) + 2)| < 1, whenever |w - log(4(^ll + 1 + p r q + 

l) + ^) + 2)|<^ 

Also choose <5 , 5 g , 5 g so that 

|e™ — 2| < |, whenever |«; — log 2| < <5 

| e « + (4(«fcil + 1) + 2)| < 1, whenever |«j - (ttz + log(4(^±2 + 1) + 2))| < 5 9 , and 
| e » _ (4(2ifcll + 1) + 2)| < i, whenever |io - log(4(^^ + 1) + 2)| < S' q . 
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[log 2, *eG u{ur=i(£*uM fc )} 

a(z) = l m + log(4(^ + 1) + 2), ze G P:<1 , p = 0, 1, . . . , q = 1, 2, . . 

[ 7ri + l og (4(2^1 + l+p( ? + l) + £^l) + 2) J *efl M ,p = 0,l,...,« = l,2,.. 

[log2, 2 eG u{ur =1 (^uM t )} 

£(*) = <log(4(^ + l) + 2), zeB Pi!I p = ) l ) ..,?=l,2,.. 

[log(4(^ + l+p(g + l) + ^) + 2), zeG p , q , p = 0,l,... ,9 = 1,2,... 

U, zeG u{ur=i(i*uM t )} 

e (*) = W„ zeG Pi „p = 0,l,...,g=l,2,... 

[?7p i9 , 2 G B Pj „ p = 0, 1, . . . , g = 1, 2, . . . 

and 

U, zeGouju^uMfc)} 

d(*) = zeB MI p=0 I l,..,g = l I 2 ! ... 

[C P ,g, z e G P ,q, P = 0, 1, . . . , g = 1, 2, . . . 

Clearly is continuous on 5 and analytic in S°. Thus there is an entire function j(z) 
such that (7(2;) — a(z)\ < e(z) for all z £ S. The function f(z) = e 7 ^ is an entire function 
which satisfies 

\f(z)-2\<\, zeG u{ur =1 (i k uM t )} 

|/(*) + (4(2^ii + 1) + 2)| < 1, ze G p>q , v = 0, l, • • • , g = l, 2, . . . 

| /(z) + (4(i(^l) + l + p( g+ l) + £(fi)) + 2)|<I, Z6 5 M , p = 0,l,...,g=l,2,... 

Thus / maps G U |lJfcli(-^fe u Mfc)} into the smaller disk \z — 2| < \ of G and so 

Gou{lXli(£fc U Af fc )} contains a fixed point C such that f n (g U {{JT=i( L k UM t )J) ->■ C 

as n 00. Thus GoU |lJfcLi(-^fe U -^fc) j c Also / maps each p = 0, 1, . . . ,q — 

1,2,... inside a smaller disk of B 0>q and each B Ptq , p = 0,1, ... ,q = 1,2,... is mapped 
inside a smaller disk of B Pjq+1 . Thus each G PA and also each B Piq lies in the Fatou set of 
/. Let C Pt g be the components of G p>q . Then C PA are wandering domains for /. 
Next as (3(z) is also a continuous function on S and analytic in S°, there exists an entire 
function 71 (-2) such that if g(z) = e 71 * 2 * 1 then 

\g(z) - 2| < \, zeG U {{JZi(L k U M,)} 

- (4(^ + 1) + 2)| < I, zG fl p ,„ p = 0, 1, . . . , q = 1, 2, . . . 
|^)-(4(^ + l+p(g + l) + ^) + 2)|<§, zeG M , p = 0,l,...,g=l,2,... 

As earlier, G U |Ufeli(-^fe u -^fe)} c ^XsO- Also g- maps each B p<q , p = 0,1,..., q = 
1,2,... inside a smaller disk in G ,q and each G p>q , p = 0,1, ... ,q = 1,2,... is mapped 
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inside a smaller disk in G ps+ i so that each G Ptq as well as each B pq lies in F(g). Let 
C Qtq ,C' 0q respectively be the components of F(f) and F(g) containing G , g - Since every 
unbounded Fatou component of transcendental entire function is simply connected [I], 
it follows that Go,<? = Co,<? H Cq „ H Go,<? are simply connected domains which lies in the 
wandering component of / and also in the wandering component of g. Also for any z G 
G , g , \f{z) + (4(2^1 + 1) + 2)| < | so that f(z) G B Q ,g and consequently \g{f{z)) - 
^j- g(g-i) _|_ ^ _|_ 2)| < |. And so g(f(z)) lies in (jo i9 . Further since / and g are contraction 
mapping it follows that Go,g C F(g o f) and lies in periodic component of g o f. □ 

Theorem 2.2. There exists infinite number of domains which lies in the wandering com- 
ponent of f and wandering component of g and also lies in the wandering component of 
fog and the wandering component of go f . 

Proof. Let S, a, f, e(z), S , 5 q , rj Ptq be as defined in the Theorem 12.11 For each k = 1,2,... 
choose £ Pi9 so that 

| eW _ ( 4 (£(£+I) + i +p ( q + !) + p(p+i)) +2 )| < I whenever |w - log(4(^+Ii + 1 + p(q + 

l) + ^) + 2)|<4 
Define 



and 



log 2, 

ni + log(4(^ + 1 + p(q + 1) + 2^1; 



+ 2) 



7ri + log(4( 
log(4(^fi) 



g(g-i) 



2), 



zGG u{ur=i(£fcUM fe )} 

2 G p = 0, 1, . . . ,q 

1,2,... 



z G Go, q , q 



1,2, 



+ 1 + p(g + 1) + * 



p(p+i) ' 

2 - 



+ 2), 



z G G Pi9 , p,g = 1,2, 



Vp,qi 
VP,?) 



21 G 



G u{ur =1 (4uM,)} 



0,1, 



2 e 5 P,<7, p 

2 G C7 Pi g, p,q = 1,2, 



g=l,2,... 



1,2, 



Clearly fl(z) is continuous on 5 and analytic in S°. Thus there is an entire function 71(2) 
such that \j3(z) — 71 (z)\ < ei(z) for all z G 5. The entire function ^(z) = e 7l(z ) satisfies 

|0(*)-2| < 



2 1 



z G 



Gou{ur=i(^UM fc )} 



z G 5--, p = 0, 1, ... ,9 = 1,2, 



1,2, 



+ (4(2(fil + 1 + p( g + 1) + £ifii) + 2)1 < |, 
|</(z) + (4(2^ + 1) + 2)| < |, , 2; G G , q , 9=1,2, 

- (4(2i2±li + 1 + p( g + 1) + E&fil) + 2)| < |, l2 e G M , p, 9 
Thus g maps Go,g, 9 = 1,2,... into a smaller disk in B ^ q , each G M , p, 9 = 1,2,... into 
a smaller disk in G p , g +i and each B Pjq , p = 0, 1, . . . , 9 = 1,2,... into a smaller disk in 
B Ptq+ i. As in Theorem 12.11 it can be easily seen that Go, q lies in the wandering component 
of / and wandering component of g and also lies in the wandering component of / o g and 
wandering component g o f. □ 
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Theorem 2.3. There exists infinite number of domains which lies in the periodic compo- 
nent of f and periodic component of g but lies in the wandering component of g o f and 
the wandering component of f o g. 

Proof. We construct the functions / and g on the Carleman set S of Theorem 12.11 
Using the continuity of e z for each q — 1,2,... choose 5 ,S q , S' q so that 
\e w — 2| < |, whenever \w — log 2| < So 

\e w + (4(2^11 + 1) + 2)| < §, whenever \w - (ni + log(4(^^ + 1) + 2))| < S g , and 
\e w - (4(2^ + i) + 2)| < i, whenever \w - log(4(2fc±) + 1) + 2)| < 5' q . 
Also choose £ PilJ and r\ VA respectively such that 

(4(2idil , + l+p(g + l) + £^i) + 2)| < |, whenever \w - log(4(^ + 1 + p( q + 



|e 

1) + ^P) + 2)| <£ Pi9 , and 



| e ™ + 1(4(2^1 



1) 
Define 



1 +p(g + 1) + + 2)| < |, whenever |w - 

pJ ^) + 2))\ < Vp , q . 



log(4( 



+ 1 + 



a(z) 



log 2, 

7rz + log(4(^ + l) + 2), 
log(4(2fci)+l) + 2), 



^G u{ur=i(^uM fc )} 

z e G 0t g, q = 1,2, ... 



z E B, 



0,qi Q 



1,2,... 



7ri + log(4( 



gjg+1) 



+ 1 1) + 



+ 2), ze B M , p,q = 1,2 



log(4(2(2±l) + 1 +p ( g + 1) + M) + 2 ), 



z G G Pi9 , = 1,2, . . . 



and 





z 


e G U 


{{JZi(L k UM k )} 




z 




q = l,2,... 


U <J, 


z 




9 = 1,2,... 




z 




P,9= 1,2, ... 




z 


G Gp,qt 


p,5 = 1,2, . . . 



e(z) 



As S is a Carleman set, a(z) is continuous on 5" and analytic in S°, there exists an entire 
function 7(2) such that 17(2) — a(z)\ < e(z) for all z G S. Consequently the entire function 
f(z) = e 7(z ) satisfies 

|/(2) -2|<±, 2GG u{ur =1 (L t UM t )} 

|/(*) + (4(^ + 1) + 2)| <§, ^G fl) „ ? = 1,2,... 
\f(z) -(4(2^ + 1) + 2)| <±, zGB , 9 , 9 = 1,2,... 

+ (4(2^il + 1 + p ( g + 1) + 2&£1) + 2)| < i, p, g = 1, 2, . . . 



- (4(2(2+1) + 1 + p(g + i) + pJp+11) + 2)| 
Thus the function / satisfies 



2 1 



'p,qi 



p,q= 1,2, ... 
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f(Go U {Ur=i(^ U M fc )}) C {\z - 2| < |} C Go 
/(G ,,) C {|z + (4(2^ + 1) + 2)| < 1} C J3b, SJ q = 1, 2, . . . 
/(So,,) C {|z - (4(2^ + 1) + 2)| < 1} C G 0l(? , q = 1, 2, . . . 
/(£,,,) C {|z + (4(2ii±l) + i + p{q + i) + K^l)) + 2)| < 1} c p, q = 1, 2, 



/(G p ,,) C{\z- (4(^ + 1 + p(g + 1) + 2^1) + 2)| < 1} C G p ,, +1 , p, q = 1, 2, . . . 
We now choose so that 

'e w + (4(2^il + g + 2)+2)| < i, whenever |w - (ni + log(4(2^ + q + 2) + 2))| < /z„ and 

2g + 4)+2))| <//;. 



|e w + (4( 



2 

q(q-i) 



,, + 2g + 4) + 2)| < ±, whenever |w - (-zn + log(4( 
We now define 



2 ■ 9- 

g(g-i) _ 

2 



log 2, 

7ri + log(4(2fci)+g + 2) + 2), 
log(4(^z±) +2g + 4) + 2), 
log(4(2l2±i) + i + p ( q + i) + E(PfH) + 2 ), 

log(4(^ + l) + 2), 

log(4(^ll + i + p (g + i) + E(£±H) + 2), 



7T2 
7T2 



zeG u{ur=i(^uM fe )} 

2 ^ Go,,, q — 1, 2, . . . 
z G So,,, g = 1,2, . . . 
^ e 5 P) „ p>2,g = l,2,... 
z e g = 1,2, . . . 
2 G G p ,„ p,g= 1,2,... 



and 



z eG u{ur=i(4uM fc )} 

2 G Go,,, g = 1,2,... 
2 G S , g , g = 1,2,... 
^ G B p>q , p> 2,q= 1,2,... 

^ e g = 1,2,... 
2; G G p ,„ v, q — 1, 2, 



As is continuous on S 1 and analytic in S" , there exists an entire function 71(2) such 
that |7i(z) — /?(-z)| < ei(^) for all z £ S. The entire function 0(2) = e 7l<2 ) satisfies 

- 2| < \, zeG U {{JZi(L k U M fc )} 
|^) + (4(^l)+g + 2) + 2)|<i, ^GG ,„g = 
|^) + (4(^ + 2g + 4) + 2)|<±, Z GB ,„? 
\ g{z ) + (4(M^1) + l + p( g + l) + Mfii) + 2)| < I, B M , 
|^)-(4(^ + l) + 2)|<±, zeBi,,, g=l,2,... 

|^)_(4(a^l + i + p(g + i) + e^l) + 2|<|, ^gG 
Thus the function g satisfies 



1,2,. 
= 1,2, 



p>2,g=l,2, 



p,9= 1,2, 



g(G ,,)c{|z + (4( 
g(S ,,)c{|^ + (4( 





1) 


2 




<?(?- 


1) 


2 




?(«- 


1) 



+ g + 2) + 2)|<i}c J B 1 ,„ g = l,2,... 
+ 2g + 4) + 2)|<i}c J B 2 ,„ g=l,2,... 



g{B hq ) c{\z- (4(2^12 + 1) + 2)| < ±} c G ,„ g = 1, 2, . . . 
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g(B M ) C{\z + (4(^±±> + 1 + p(q + 1) + + 2 )\ < §} C B p>q+1 , p > 2, q = 1, 2, . . . 

g(G m ) C{\z- (4(^ + 1 + p(q + 1) + + 2)| < 1} C G p , q+h p, q = 1, 2, . . . 

It can now be easily seen that G 0jg lies in the periodic component of / and periodic 
component of g but lies in the wandering component of g o f and wandering component of 
fog. □ 

Theorem 2.4. There exists infinite number of domains which lies in the periodic compo- 
nent of f and periodic component of g and also in the periodic component of go f but lies 
in the wandering component of f o g. 

Proof. Let S, 5 , 5 q , 5' be as in Theorem 12.11 Choose 8" 5i ;q , 5 2a such that 
|e w + (4(^^ + 3g + 7)+2)| < f, whenever \w - (m + log(4(^±l + 3g + 7) + 2))| < 5 1>q 
\e w + (4(2^i + q + 2) + 2) | < §, whenever \w - (iri + log(4(^^ + q + 2) + 2))| < 5 2 . 
md 

e - + (4(£fci) +2g + 4)+2)| < i 
Also choose ^ q and 7? p g such that 

| e » _ (4(2^1 + 1 +p( q + 1) + 5^1) + 2)| < |, whenever |w - log(4(^f^ + 1 + p(q + 

l) + ^) + 2)|<e Pl9 , and 
| e - + |(4(^+i) + 1 + p(q + 1) + ^m.\ 
p( g+ l) + E^) + 2)|< w 
Define 

'log 2, 

vrz + log(4(^ + l) + 2), 
log(4( 



|e w + (4(^^=12 + 2g + 4) +2)| < ±, whenever |w - (tti + log(4(^^ + 2q + 4) + 2))| < 5, 



2)| < |, whenever |u> — (712 + log(4( 



g(q+i) 



+ 1 + 



a(z) 



2 +l) + 2), 

g(g-i) 



™ + log(4(^ + 3g + 7) + 2), 
7rz + log(4(^ + g + 2) + 2), 
vrz + log(4(2^2 + 1 + p(q + 1) + ^hll; 
[log(4(2^il + 1 + p(q + 1) + Sto±H) + 2), 



+ 2), 



^G u{ur =1 (4uM fe )} 

2 G G ,q, 9 = 1,2, . . . 

z G B 0>q , q = 1,2, . . . 

2: G 9= 1,2, ... 

2 e -82,9, 9 = 1,2, ... 

^ G Sp^, p > 3,9 = 1,2, . . . 

z G G Pi9 , p,9= 1,2, ... 



and 



So, 


z 


G G U 




UM t )} 




z 




9 = 1,2,. 






z 


£ Bo,q, 


5=1,2,.. 






z 


G B lA , 


g = l,2,.. 




$2,q, 


z 


G £?2,<j, 


9=1,2,.. 




Vp,qi 


z 


G -Bp,g, 


P > 3,9 = 


1,2,... 




z 


G Gp q) 


p,9= 1,2 





As earlier there exists an entire function 7(2) and consequently an entire function f{z) 
e 7 ^) which satisfies 
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\f(z)-2\<l zeG u{ur=i(^UM fc )} 

\f(z) + (4(2^ + 1) + 2)| < 
|/(*)-(4(2fc£!l + l) + 2)|< 



2 ' 
1 

2 ' 



2 ^ Go,,, g 

z e So,?, 9 



1,2, 
1,2, 



< 1, zG g = 1,2, 



| /(z) + ( 4(ifcl) +3 g + 7) + 2)| 

+ (4(2^ + ? + 2) + 2)| < 
!/(*) + (4(M + 1 + p(g + 1) + £&£*) + 2)| < I, ,6 p > 3, q = 1, 2, 



^ £ 5 2,g, 9 = 1,2, 



| /(z )_ (4(^ + 1+^ + 1) 



p(p+i) ■ 



+ 2)| <1, zeG M ,p,g = l,2 1 ... 



1,2, 



Thus the function / satisfies 

/(g U {\JZi(L k U M fc )}) C {|* - 2| < 1} C G 
/(G , 9 ) C {|z + (4(2^1) + l) + 2)| < 1} C S 0l(? , q 
/(£ ,,) C{\z- (4(2^1) + i) + 2)| < i} C Go,,, g = 1, 2, . . . 
f(B hq ) C{\z + (4(« + 3 g + 7) + 2)| < 1} C 5 3 ,„ q = 1, 2, . . . 
/(3 2 ,,) C {|z + (4(« + g + 2 ) + 2)| < 1} C B hq , q = 1, 2, . . . 
/(S M ) C {|z + (4(^ + 1 + p(g + 1) + 2^11) + 2)| < 1} C B p , q+1 , p>3,q- 
f(G M ) C{\z- (4(2^11 + 1 + p(g + 1) + S^ll) + 2| < 1} C G M+1 , p, g = 1, 2 
We now define 



log 2, 

7u + log(4(^^ + g + 2) + 2), 
™ + log(4(^+^ + 2g + 4) + 2), 
Iog(4(2^ + l) + 2), 
ni + log(4(^±^ + 1 + p(q + 1) + 



log(4(2(2±i) 



p(p+i) > 

2 / 

l+p(g + l) + ^) + 2, 



*eG u{ur=i(£k 
z G G ,„ g = 1,2, . 
z e ^o,„ ? = 1,2, . . 
z G B hq , q = 1,2, . 
2), 2 G -Bp,,, p > 2,g = 

2 e G>,„ P,9 = l, 2 



and 



ei(^) 



So, 


2 


G G U 


{{JZi(L k UM k 


S2,q, 


Z 


£ G ,,, 


9 = 1,2,... 


5" 




£ So,,, 


g=l,2,... 




Z 


G £i,„ 


9 = 1,2,... 






G S Pi9 , 


p>2,g=l,2,. 




Z 


G G P) q, 


p,q= 1,2,... 



As earlier there exists an entire function g(z) = e 11 ^ which satisfies 

\g(z) - 2| < 1, 2 G G U {Ur=i(^ U M fc )} 

|^) + (4(^ + g + 2) + 2)|<i, 2GG ,„ g = l,2,... 

l 



?(<?- 


1) 


2 




?(<?- 


1) 


2 




<?(?- 


1) 


2 



|^) + (4(^ + 2g + 4) + 2)|<±, zg£ ,„ g = l,2,... 

l^)-(4(s^ + i) + 2)|<; 



z e 9 = 1,2, • • • 
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\g(z) + (4(^±±) + 1 + p(g + 1) + ^) + 2)| < §, B M , p > 2, g = 1, 2, . 

\g(z) - (4(^1 + 1 + p(g + 1) + S&pl) + 2) | < J, 2 G G M , p, q = 1, 2, . . . 
Thus the function g satisfies 
g(G u {ur=i(^ u M fc )}) C {|* - 2| < 1} c G 
g(G , q ) C{\z+ + 5 + 2 ) + 2)| < ±} c B a ,„ g = 1,2, . . . 

g(5o, ? ) C {|z + (4(2^ + 2g + 4) + 2)| < f } C 5 2 , g , g = 1, 2, . . . 
g(B hq ) c {|* - (4(2fci) + 1) + 2)| < 1} C G 0i(? , g = 1, 2, . . . 

g(B m ) C{\z + (4(i(fii + 1 + p(g + 1) + ^) + 2 )\ < |} C p > 2, g = 1, 2, 

g(G,, ? ) C{\z- (4(2(2±1) + 1 + p( g + i) + Mlfi)) + 2)| < 1} c G p , q+h p, g = 1, 2, . . . 
It can now be easily seen that Go,, lies in the periodic component of / and periodic 
component of g and also lies in the periodic component of g o / but lies in the wandering 
component of / o g. □ 



Theorem 2.5. There exists a domain which lies in the periodic component of f and 
wandering component of g and lies in the preperiodic component of g o / and periodic 
component of f o g. 



Proof. Let S be the Carleman set defined as in Theorem 12.11 Using the continuity of e z 

for each k = 1, 2, . . . choose g k and so that 

\e w + (4k + 6)| < |, whenever \w — (ni + log(4& + 6))| < and 

|e w - (4fc + 6)| < |, whenever juj - log(4A; + 6)| < £ fc . 

Also choose S , Si, S 2 , S s , <S 4 so that 

\e w — 2| < |, whenever |io — log 2| < S , 

\e w + 6| < |, whenever \w — (rri + log 6) | < Si, 

\e w — 6| < |, whenever \w — log 6| < S 2 , 

\e w — 10 1 < |, whenever \w — log 10 1 < S 3 , and 

|e™ + 10 1 < 2> whenever |u> — (7rz + log 10) | < 84. 

We next define 



'log 2, 


2 G G U < 


ur=i(^uM fc )} 


7T2 + log 6, 


z G Gi 




log 6, 


2 G B 2 




< 7ii + log 10, 


zeG 2 




log 10, 


zEB 1 




7rz + log(4A; + 6), 


z G B k , k 


= 3,4,... 


tog(4fc + 6), 


z G G fc , 


= 3,4,... 
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log 2, 

rci + log 6, 
ni + log 10, 



*eG u{ur=i(£*iJM fc )} 

zed 
zeG 2 



%i + log(4A; + 6), ze4i = l,2, 



tog(4fc + 6), 



zeG k , k = 3,4,... 



e(z) 



and 



✓ 


z e G u { 


u:=i(4uM fc )} 




z e Gi 






zeB 2 






z eG 2 






zeB 1 






z e B k , k 


= 3,4,... 




z e G k , k 


= 3,4,... 


So, 


z e Go u < 


[ur=i(^uM fc )j 


Si, 


z e Gi 




< Sa, 


z eG 2 




Vk, 


z e B k , k 


= 1,2,... 




z eG k , k 


= 3,4,... 



Clearly a(z) is continuous on S and analytic in S°. Thus there is an entire function 'y(z) 
such that 17(2) — ce(z)\ < e(z) for all z G S. The function f(z) = e 7<z ) is an entire function 
and it satisfies 

3eG u{ur=i(£fcUM fc )} 



|/(*)-2|<±, 

|/(z) + 6|<±, zed 

|/(z)-6|<±, zeB 2 
\f(z) + 10| < |, £ G G 2 
- 10| < |, z G Bx 
1/(2;) + (4fc + 6)| < |, z£4 fc = 3,4,... 
\f(z)-(4k + Q)\<l zeG k , k = 3,4,... 

Also /^(z) is a continuous function on 5 and analytic in S°, there exists an entire function 
71(2) such that if y(z) = e 7l(z ) then 

|<j(z) - 2| < I, 2 G Go U {Ur=i(^* U M k)} 
\g(z) + 6\<l zed 
\g{z) + 10j < ±, 2 G G 2 



+ (4fc + 



< 



2 • 



2; G S fc , k = 1,2,... 



|^)-(4fc + 6)|<i ^GG fc , £ = 3,4,... 
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It can now be easily seen that G\ lies in the periodic component of / and wandering 
component of g and lies in the preperiodic component of g o / and periodic component of 



g and lies in the periodic component of g o f and wandering component of / o g. 

(ii) Bi lies in the periodic component of / and wandering component of g and lies in 
the periodic component of g o / and preperiodic component of / o g. 

(iii) G2 lies in the periodic component of / and wandering component of g and lies in 
the wandering component of g o f and periodic component of / o g. 

(iv) Both Gj., k > 3 and B k , k > 3 lies in the wandering component of / and wandering 
component of g and also lies in the wandering component ofgof and the wandering 
component of fog. 

Theorem 2.7. There exists a domain which lies in the periodic component of f and 
wandering component of g and also lies in the wandering component ofgof and wandering 
component of f o g. 

Proof. Let S be the Carleman set defined as in Theorem 12.11 Using the continuity of e z 

for each k = 1, 2, . . . choose So, S\, 82, 83, rjk, so that 

\e w — 2| < |, whenever \w — log 2| < 8 , 

\e w + 6| < |, whenever \w — (ni + log 6) | < 81, 

\e w + 10 1 < |, whenever \w — {ixi + log 10) | < 8 2 

\e w — 6| < |, whenever \w — log 6| < 8 3 , 

\e w + (4k + 6)| < |, whenever \w — (ni + log(4fc + 6))| < n k , and 
\e w - (4k + 6)| < |, whenever \w - \og(4k + 6)| < £ h . 
We next define 



f °9- 



□ 



Remark 2.6. 



(i) B2 lies in the periodic component of / and wandering component of 



log 2, 





7ii + log 6, 
iri + log 10, 
log 6, 



z e G 



zeB 2 

z G B k , k 
z e G k , k 



zeB 



1 



1 



ni + log(4A; + 6) 
log(4fc + 6), 



3,4,... 
2,3,... 




log 2, 

ni + log 6, 

iri + \og(4k + 6) 

log(4A; + 6), 



z G G 



zeB k , k = 1,2,... 
z G G k , k — 2, 3, . . . 



1 



V 
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'(Jo, z6G u{ur=i(i*UM t )} 
<Ji, zeGi 

<J 3 , z E B2 

rj k , z G B k , k = 3,4, . . . 
2 G Gfe, fc = 2, 3, . . . 

V 

'(Jo, zeG u{UL(^uM k )} 

^ <Ji, 2; G Gi 
?7 fe , z e B k , k = 1,2, . . . 
£fcj z ^ Cfc, = 2, 3, . . . 

v 

Clearly o;(z) is continuous on 5 and analytic in S* . Thus there is an entire function 7(2) 
such that l'j(z) — ce(z)\ < e(z) for all z G S. The function f(z) = e 7 ^ is an entire function 
and it satisfies 

\f{z)-2\<l ^G u(ur =1 (4UM t )} 

|/(z) + 6|<±, zeG 1 
\f(z) + 10| < i, 2 G S x 
|/(z)-6|<±, ^GS 2 

+ (4A; + 6)| < |, 2G4 A; = 3,4,... 
|/(z)-(4fc + 6)|<±, zGG fc , fc = 2,3,... 

Also is a continuous function on S and analytic in S* , there exists an entire function 
71(2) such that if = e 7l(z ) then 

\g(z) - 2| < I, 2 G Go U {lir=i(£* U M *)} 
|#(z) + 6|<|, zGd 

|^) + (4fc + 6)| < |, ze4^l,2,... 

|^)-(4fc + 6)|<i, z G G fc , fc = 2,3,... 

It can now be easily seen that G\ lies in the periodic component of / and wandering 
component of g and also lies in the wandering component ofgof and wandering component 
of/op. □ 

Remark 2.8. (i) Both B\ and B2 lies in the periodic component of / and wandering 
component of g and also lies in the wandering component ofgof and the wandering 
component of fog. 

(ii) Both Bk, k > 3 and Gk, k > 2 lies in the wandering component of / and wandering 
component of g and also lies in the wandering component ofgof and the wandering 
component of fog. 



e(z) = 



and 
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Theorem 2.9. There exists a domain which lies in the periodic component of f and wan- 
dering component of g and lies in the periodic component of go f and periodic component 
of fog- 
Proof. Let S be the Carleman set defined as in Theorem 12. 11 Using the continuity of e z 
for each k = 1, 2, . . . choose r/k, [ik so that 
\e w + (Ak + 6)| < |, whenever \w — (m + log(4A; + 6))| < rj k 
\e w — {Ak + 6)| < |, whenever \w — log(4fc + 6)| < and 
\e w + (Ak — 2)| < |, whenever \w - (m + log(4A; - 2))| < /j, k 
Also choose 5 , 6i, S 2 , 5 3 so that 
\e w — 2| < |, whenever \w — log 2| < S , 
\e w + 6| < |, whenever \w — (rri + log 6) | < 5i, 
\e w — 6| < |, whenever \w — log 6| < S 2 , and 
\e w + 14 1 < whenever \w — (iri + log 14) | < S 3 
We next define 



log 2, 

7TZ + log 6, 




z e G 



< log 6, 
log 6, 

ni + log(4A; 
log(4A; + 6). 



zeB 2 

2), zeB k , k 
z e G k , k 



z e B 



3,4,... 
2,3,... 



log 2, 

7ri + log 6, 




z <E G 



< log 6, 



zeB 2 
zeB 1 

z e B k , k 

z eG k , k 



ni + log 14, 

Tvi + log(4/c + 6) 

log(4A; + 6), 



3,4,... 
2,3,... 




5 



zeG 




•2: 



z e B 



S 2 , z G B 2 
fx k , z E B kl k 
Cfcj 2 G Gfc, k 



3,4,... 
2,3,... 



V 
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and 



eiU = < 



So, 


z e G u < 


'UZi(Lk 


Si, 


z e Gi 




82, 


zeB 2 




S3, 


zeB l 




Vk, 


z e B k , k 


= 3,4,.. 




z e G k , k 


= 2,3,.. 



Clearly a(z) is continuous on S and analytic in S°. Thus there is an entire function 7(2) 
such that l'j(z) — ct(z)\ < e(z) for all z E S. The function f(z) = e 7 ^ is an entire function 
and it satisfies 

zeG u{ur=i(i*uM t )} 
zed 



|/(*)-2|<±, 
l/(*) + 6|<§, 



2' 



l/W-6|<i 



z E Bi 

zeB 2 



(4k 
(4k 



2)1 < I 



< 



2 • 
1 

2 • 



ze B k , k = 3,4, 
2 G G k , k = 2, 3, 



Also ^(z) is a continuous function on 5 and analytic in S°, there exists an entire function 
71(2) such that if g(z) = e 71 ^ then 



2' 



< 

\g(z) + Q\ < \, 
\g(z)-®\<\, 
\g(z) + 14=| < \, 
|^) + (4A; + 6)| 



,GG u{ur=i» 

zed 
z e Bi 

< i z6 B fe , 



|^)-(4fc + 6)|<i z£G 



fc = 3,4, ... 
fc = 2,3, ... 

It can now be easily seen that G\ lies in the periodic component of / and wandering 
component of g and lies in the periodic component of g o / and periodic component of 
fog. □ 

Remark 2.10. (i) Similar to G*i, Bi lies in the periodic component of / and wandering 
component of g and lies in the periodic component of go f and periodic component 
of / o g. 

(ii) B 2 lies in the preperiodic component of / and wandering component of g and lies 
in the preperiodic component of g o f and periodic component of fog. 

(iii) B k , k > 3 lies in the preperiodic component of / and wandering component of g 
and lies in the periodic component of g o / and periodic component of / o g. 

(iv) Gk, k > 2 lies in the wandering component of / and wandering component of g 
and also lies in the wandering component of go f and the wandering component of 

f°9- 
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Theorem 2.11. There exists a domain which lies in the periodic component of f and 
wandering component of g and lies in the preperiodic component of g o f and wandering 
component of f o g. 

Proof. Let S be the Carleman set defined as in Theorem 12. 11 Using the continuity of e z 
for each k — 1, 2, . . . choose rjk, so that 

\e w + (4k + 6)| < ~, whenever \w — (ni + log(4/c + 6))| < n k , and 

\e w - (4k + 6)| < |, whenever \w - log(4A; + 6)| < £ fc 

Also choose S , Si, S 2 , S 3 , 84, S 5 so that 

\e w — 2| < |, whenever \w — log 2| < 5 , 

\e w + 6| < ~, whenever jio — (717 + log 6) | < 5i, 

|e™ — 6| < |, whenever \w — log 6| < $2, 

\e w + 10 1 < |, whenever |i« — (ni + log 10) | < 83, 

\e w + 14 1 < |, whenever \w — (7ri + log 14) | < £4, and 

\e w + 18 1 < |, whenever \w — (ni + log 18) | < 5$ 

We next define 



'log 2, 


2 G 


Gq 




]uz 


:1 (L fc UM fc )} 


7ii + log 6, 


2 G 


Gi 








log 6, 


2 G 


Bi 








ni + log 14, 


z G 


B 2 








ni + log 18, 


2 G 


B 3 








ni + log 6, 


Z G 


B 4 








7U + log(4A; + 6), 


Z G 


Bk 


k 


= 5, 


6,... 


log(4& + 6), 


Z G 


Gk 


k 


= 2, 


3,... 



'log 2, 


z G 


Go 




ur=i(^uM fc )} 


ni + log 10, 


z G 


£1 






log 6, 


z G 


£2 






< 7T? + log 18, 


z G 


B 3 






ni + log 6, 


z G 


B, 






ni + log(4A; + 6), 


z G 


Bk 


k 


= 5,6,... 


>g(4fc + 6), 


z G 


Gk 


k 


= 1,2,... 
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eiz 



f 

So, 


zeG 


u 

I 


Si, 


zeG 1 




62, 


zeB 1 




Si, 


zeB 2 




S5, 


zeB 3 




Si, 


z e B 4 




Vk, 


z e B k 


k-- 


^k, 


z e Gk 


k- 



UM, 



5,6,... 
2,3,... 



and 



So, 


z e G 


u{ur=i(4uM, 


S3, 


zeB x 




S2, 


zeB 2 




< S 5 , 


z e B 3 




Si, 


z e B 4 






z G G k 


k = 1,2,... 




z e B k . 


k — 5, 6, . . . 



Clearly a(z) is continuous on S and analytic in S* . Thus there is an entire function 7(2) 
such that (7(2;) — et(z)\ < e(z) for all z E S. The function f(z) = e 7<z ) is an entire function 
and it satisfies 

3eG u{ur=i(£*uM fc )} 

z e Gi 
zeBr 

zeB 2 
zeB 3 
z e Bi 

|/(z) + (4fc + 6)| <±, zeB k , fc = 5,6,... 
\f(z) - (4fc + 6)| < \, zeG k , k = 2,3,... 

Also j3(z) is a continuous function on S and analytic in S°, there exists an entire function 
71(2) such that if g(z) = e 71 * 2 - 1 then 

\ g (z)-2\<\, zeG u{ur =1 (4uM,)} 
10| < \, 



|/(*)-2|<±, 

l/(*) + 6|<§, 
l/W-6|<i 
|/(*) + 14|<§, 
|/(*) + 18|<§, 
l/(*) + 6|<§, 



l<K*) 
l<K*) 



z e B 1 

6| < \, zeB 2 
<h ze B 3 



\g(z) + 6\<l, zeB A 
\g{z) + (Ak + 



< 



z e B k , k = 5,6, . . . 
|0(z)-(4fc + 6)|<i zGG fc , fc = l,2,... 
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It can now be easily seen that G\ lies in the periodic component of / and wandering 
component of g and lies in the preperiodic component of go f and wandering component 
Oifog. □ 

Remark 2.12. (i) G k , k > 2 lies in the wandering component of / and wandering 
component of g and also lies in the wandering component ofgof and the wandering 
component of fog. 

(ii) Bi lies in the periodic component of / and wandering component of g and lies in 
the wandering component of g o f and periodic component of fog. 

(iii) B2 lies in the preperiodic component of / and wandering component of g and lies 
in the periodic component of g o f and preperiodic component of fog. 

(iv) -B3 lies in the preperiodic component of / and wandering component of g and lies 
in the wandering component of g o f and periodic component of / o g. 

(v) B4 lies in the preperiodic component of / and wandering component of g and lies 
in the periodic component of g o f and wandering component of / o g. 

(vi) B k , k > 5 lies in the wandering component of / and wandering component of g 
and also lies in the wandering component of go f and the wandering component of 
f°9- 

Theorem 2.13. There exists infinite number of domains which lies in the preperiodic 
component of f and preperiodic component of g and also lies in the preperiodic component 
of go f and preperiodic component of f o g. 



Proof. Let S be the Carleman set defined as in Theorem 12.11 Using the continuity of e z 
for each k — 1, 2, . . . choose So, Si, S2, fJ-k, v k so that 

e w — 2| < ~, whenever \w — log 2| < So, 

e w + 6| < whenever \w — (m + log 6) | < <5i, 

e w + 10 1 < 5> whenever \w — (iti + log 10) | < 8%, 



e w + (4k — 2)| < |, whenever \w 
e w — (4k — 2)| < |, whenever \w 
We next define 



(ni + log(4fc - 2)) I < jj, k , and 
log(4fc-2)| < v k 



cx\z) 



log 2, 

7TZ + log 6, 

%i + log 10, 
log (4 A; 



TV) 



log 2, 

ni + log 6, 
iri + log 10, 
ni + log(4/c 
[log(4fc-2), 



zeG Q u[UT=i(L k UM k )} 
zeG k , k — 1,2,... 

zeB l 

2), zeB k , k = 2,3,... 

zeG u{ur=i(^uA4)} 
z e Gi 



zeB 1 
z e B k , k 
z e G k , k 



2,3, 
2,3, 
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and 





u u , 


Z G Gn U { 1 


\? AL k UM h 


e(z) = < 


°1, 
°2, 


Z t tjjfc, ft, — 


1 9 

1, Z, . . . 




/ / J 




2 3 

z, 0, . . . 




s 

So, 


z e G u {t 


)Zi(L k UM k 




Si, 


zed 




ei(z) = < 


S2, 


z & B 1 








z e B k , k = 


2,3,... 






z eG k , k = 


2,3,... 



Clearly a(z) is continuous on S and analytic in S* . Thus there is an entire function 7(2) 
such that 17(2) — 01(2;) I < e(z) for all z E S. The function f(z) = e 1 ^ is an entire function 
and it satisfies 

zeG u{ur=i(^uM fc )} 

1,2,... 



21 < 



2' 



2 ' 



2; G G fc , fc 
< |, zeB k , k = 2,3, 



!/(*) + 6|<§ 
|/(z) + 10|<|, 
+ (4fc - 2) 

Also ^(z) is a continuous function on S and analytic in S°, there exists an entire function 
Ji(z) such that if g(z) = e 11 ^ then 

\g{z) - 2| < I, 2 G GoU {Ur=i(^ U M fe )} 
|^) + 6|<i, zeGi 
|y(z) + 10| < §, 2 G S x 
\g(z) + (4fc - 2) 
\g(z) - (4k - 2) 



< 



2 ■ 
1 



z G B k , fc = 2,3,... 
< |, ^ G Gfc, A; = 2, 3, . . . 
It can now be easily seen that each G k , k = 1, 2, . . . lies in the preperiodic component of 
/ and preperiodic component of g and also lies in the preperiodic component of g o f and 
preperiodic component of / o g. □ 

Remark 2.14. (i) Both B\ and B 2 lies in the periodic component of / and periodic 
component of g and also lies in the periodic component of g o f and periodic 
component of fog. 

(ii) B k , k > 3 lies in the preperiodic component of / and preperiodic component of g 
and also lies in the preperiodic component of g o f and preperiodic component of 
f°9- 

Theorem 2.15. There exists a domain which lies in the preperiodic component of f and 
preperiodic component of g and also lies in the preperiodic component of g o f but lies in 
the wandering component of f o g. 



20 



D. KUMAR, G.DATT, AND S. KUMAR 



Proof. Let S be the Carleman set defined as in Theorem 12.11 Using the continuity of e 
for each k = 1, 2, . . . choose i] k , £ k so that 

\e w + (4k + 6)| < ~, whenever \w — (ni + \og(4k + 6))| < rjk, and 

\e w - (4k + 6)| < §, whenever \w - \og(4k + 6)| < 

Also choose 60,81,82,63, 84 so that 

\e w — 2| < whenever |u> — log 2| < 80, 

\e w + 6| < \, whenever \w — (ni + log 6) | < 8\, 

\e w — 10 1 < \, whenever \w — log 10 1 < 82, 

\e w + 1 1 < |, whenever \w — (ni + log 10) | < 83, and 

\e w + 14 1 < i, whenever |u> — (ni + log 14) | < 84. 

We next define 



a(z) 



log 2, 

7ii + log 6, 
log 10, 

7f 2 + log 6, 

7rz + log(4A; + 6), 
log(4A; + 6), 



Z GG u{ur =1 (4UM fe 

z e B l 

z G Bk, k = 2, 3, . . . 
2 G Gfc, A; = 3,4, . . . 



log 2, 

ni + log 14, 

log 10, 

iri + log 14, 

7T2 + log 10, 

log(4A; + 6), 

ni + log(4A; + 6), 



zeG u{ur=i(4UM, 

zGGi 
2 G -£>i 

2G G k , k = 2,3,... 

zeB k , k = 4,5, . . . 



f 

60, 


z G G 






=1 (L fc UM fc )} 


81, 


zG(?i 








82, 










81, 










%, 


z E B k 


k 


= 2, 


3,... 




z E Gk 


k 


= 3, 


4,... 
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and 



So, 


z G G 




64, 


z e Gi 




$2, 


zeB 1 




< 8a, 


zeB 2 




S3, 


zeB 3 






zeG k 


fc = 




z e B k 





2,3,... 
4,5,... 

Clearly o;(z) is continuous on 5 and analytic in S* . Thus there is an entire function 7(2) 
such that 17(2) — ct(z)\ < e(z) for all z G S. The function f(z) = e 7<z ) is an entire function 
and it satisfies 

\f( z )-2\<l zeG u{ur =1 (i k uM t )} 

|/(z) + 6|<±, zed 

- 10| < i, ze £?! 
|/(z) + 6|<±, z£G 2 

|/(z) + (4fc + 6)|<±, zeB k , fc = 2,3,... 
|/(z)-(4fc + 6)|<±, zeG, A; = 3,4,... 

Also is a continuous function on 5 and analytic in S* , there exists an entire function 
71(2) such that if g(z) = e 71 ^ then 

\g(z) - 2| < i, 2 G Go U {Ur=i(^* U M *)} 

^(2) + 14| < |, z G Gi 

- 10| < |, 26 Si 
+ 14] < §, z G B 2 
+ 10] < ±, zG £ 3 

|0(z)-(4fc + 6)|<i, ^GG fc , fc = 2,3,... 
\g(z) + (4k + 6)| < \, z G S fc , fc = 4, 5, . . . 

It can now be easily seen that Gi lies in the preperiodic component of / and preperiodic 
component of g and also lies in the preperiodic component of g o / but lies in the wandering 
component of / o g. □ 

Remark 2.16. (i) B\ lies in the periodic component of / and wandering component of 
g and lies in the wandering component oi go j and periodic component of / o g. 

(ii) G2 lies in the periodic component of / and wandering component of g and lies in 
the periodic component of g o f and wandering component of fog. 

(iii) Gfc, k > 3 lies in the wandering component of / and wandering component of g and 
also lies in the wandering component of g o f and wandering component of / o g. 

(iv) B 2 lies in the wandering component of / and periodic component of g and lies in 
the periodic component of g o f and wandering component of / o g. 
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(v) B 3 lies in the wandering component of / and periodic component of g and lies in 
the wandering component of g o f and periodic component of / o g. 

(vi) Bk, k > 4 lies in the wandering component of / and wandering component of g and 
also lies in the wandering component of g o / and wandering component of fog. 
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